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, Abstract For a class of partially ordered means we introduce a notion of the (nontrivial) cancelling mean. A simple method 

' is given which helps to determine cancelling means for well known classes of Holder and Stolarsky means. 

1. Introduction 

A mean is a map M : x — > , with a property 

min(a, h) < M{a, b) < max(a, 6), 



for each a,b £ M+. 



> 
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Denote by Q the class of means which are symmetric (in variables a, 6), reflexive and homogeneous 
, (necessarily of order one). We shall consider in the sequel only means from this class. 

The set of means can be equipped with a partial ordering defined by Af < iV if and only if M{a, b) < 
N{a, b) for all a, 6 G M+. Thus, A is an ordered family of means if for any M, G A we have AI < N or 
, A^ < M. 

■ Most known ordered family of means is the following family Ao of elementary means, 

Aq: H <G <L<I <A<S, 

where 

H = H{a,b) ■=2{l/a + l/b)-^; G = G{a,b) := ^fd)- L = L{a,b) := ^ ~ 



log b — log a 

/ = /(a,6) (6Va'')i/(''-°)/e; A = A{a,b) := 5 = 5(a, 6) := a^6^ , 

are the harmonic, geometric, logarithmic, identric, arithmetic and Gini mean, respectively. 

Another example is the class of Holder (or Power) means {^s}, defined for s G M as 

An = G. 



^(a,&) := (^^— J , 
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It is well known that the inequality As{a, b) < At{a, b) holds for all a,b G R+, a ^ 6 if and only ii s < t. 
This property is used in a number of papers for approximation of a particular mean by means from the 
class {As}. 

Hence (cf [3], [4], [10]), 

G = Ao<L< A1/3; A2/3 <I <Ai=A; Ai^g^ 2 < -P < -42/3; Aog,/^ 2<T < A5/3, 
where all bounds are best possible and Seiffert means P and T are defined by 

P = P{a,b):= T = T{a,b):= 

2 arcsm 2 arctan 2—2 

a+o 0+0 



In the recent paper [8] we introduce a more complex structured class of means {As}, given by 

s - 1 Al+l - A'+^ 



that is, 



Xs(a,b) 



s+1 Ai 



\s{a,b) := < 



s+1 a'*+5»-2(2i^ ' 

2 log —log a— log b 
1 I 1 Z~ ) 

2a "'"26 a + b 
a log 0+6 log b— (a+b) log 

21og ^-loga-logb ' 

(fe-o)" 

. 4(a log a+6 log 6- (a+6) log ) 



seM/{-l,0,l}; 
s = -l; 
s = 0; 
, s = l. 



Those means are obviously symmetric and homogeneous of order one. 

We also proved that Ag is monotone increasing in s e K; therefore {Ag} represents an ordered family 
of means. 



Among others, the following approximations are obtained for a^b: 

A_4 < -ff < A_3; A_i < G < A_i/2; Aq < L < Ai < / < A2 = A; A5 < 5, 
and there is no finite s > 5 such that the inequality S{a, b) < As(a, b) holds for each a,b £ M+. 

This last result shows that, in a sense, the mean S is "greater" than any other mean from the class 
{As}. We shall say that S is the cancelling mean for the class {As}. 

Definition 1 The m,ean S'*(A) is right cancelling m.ea,n for an ordered class 0/ rn,eans A C fl if 
there exists M G A such that S*{a,b) > M{a,b) but there is no mean N G A such that the inequality 
N{a, b) > S* [a, b) holds for each a,b G M+. 

Definition of the left cancelling mean 5* is analogues. 

Therefore, 

S,{Ao) = H; S*{Ao)=S; S*{Xs) = S. 



Of course that the left and right cancelling means exist for arbitrary ordered family of means as 
S*{a,b) = max(a, 6), ^^(a, 6) = min(a, 6). We call them trivial. 
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The aim of this article is to determine non-trivial cancelling means for some well known classes of 
ordered means. We shall also give a simple criteria for the right cancelling mean with further discussion 
in the sequel. 

As an illustration of problems and methods which shall be treated in this paper, we prove firstly the 
following, 

1.1 Ccincellation theorem for the Generalized Logarithmic Means 

The family of Generalized Logarithmic Means {Lp} is given by 

L, = L,(a,6) := , P e R; Lo = G, = L. 

It is a subclass of well-known Stolarsky means (cf [2], [5], [7]) hence symmetric, homogeneous and 
monotone increasing in p. Therefore it represents an ordered family of means. 

Theorem 1.1 For the class [Lp] we have 

S,{Lp)=H, S*{Lp)=A. 

Moreover, for — 3<p<3, a ^ b, 

S^{Lp) = H{a,b) < L_3(a,6) < Lp{a,b) < Li{a,b) < A{a,b) = S*{Lp), 
with those bounds as best possible. 

Proof We prove firstly that the inequality .^3(0, 6) < A{a, b) holds for all a, 6 S M+, a^b. 
Indeed, 

LI {^f-& {l + tf-il-tf 3 + t' 



3(log^-log^) 3(log(l + i)-log(l-t)) 3(l + iV3 + iV5 + ... 



< 1, 



where we put t := -1 <t <1. 
Also, 



AP p(log(l+t)-log(l-i))' 

and 

1 /LP 



lim\(-^ -l)= Ip{p-3). 
t^o t^ \AP J 6^ ^ 



Thus p = 3 is the largest p such that the inequality Lp{a, b) < A{a, b) holds for each a, & <E M+, since 
for p > 3 and t sufficiently small (i.e., a is sufficiently close to b) we have that Lp{a, b) > A{a, b). 

We shall show now that A is the right cancelling mean for the class {Lp}. 

Indeed, since Vmv^^i- ^ = for fixed p,p > 3, we conclude that the inequality Lp > A cannot hold. 
Hence by Definition 1., A is the right cancelling mean for the class {Lp}. 



Noting that H[a, b) = -j^^ and L-p{a, b) = "ab) ' ^® readily get 

L-p{a,b) > L-3{a,b) > H{a,b) = S^,{Lp). 

2. Characteristic number and characteristic function Let M = M{a,b) be an arbitrary 
homogeneous and symmetric mean. In order to facilitate determination of a non-trivial right cancelling 
mean, we introduce here a notion of characteristic number a{M) as 

a{M):= lim = M(2,0+) = M(0+,2). 

Because of homogeneousness, we have 

A{a,b) -'^^a + 6'a + 6^-'''^^f + l'f + 1^' 

and the result follows. 
Therefore, 

a{H) = a{G) = a{L) = 0; a{I) = 2/e; a{A) = 1; a{S) = 2, 

and, in general, 

< cr(M) < 2. 

Some simple reasoning gives the next, 

Theorem 2.0 Let M,N efl. If M < N then a{M) < a{N) but if a{M) > a{N) then the inequality 
M < N cannot hold, at least when a/b is sufficiently large. 

This assertion is especially important in applications. 

Also, 

M(a,b) 2a 26 , b-a ^ b-a. ,,,, 

= M -, = M l -, 1 + = M(l - i, 1 + 1), 

A{a,b) ^a + b a + y ^ a + b a + b' ^ ' 

where t := -1 < t < 1. 

We say that the function (j) = 4>M{t) ■= M(l — t,l + t) is characteristic function for AI (related to 
the arithmetic mean). If </> is analytic then, because of (/)(0) = 1, 4>{—t) = (/>(t), it has power series 
representation of the form 



^(t) = aj^"", ao = 1, < i < 1. 



In this way comparison between means reduces to comparison between their characteristic functions 
([8], [10], [11]). 



Obviously, 



6H(t) = i-i^; </.G(i) = '^^(^) = iog(i + t)-iog(i-^) ' '^^(*) = i; (2) 



6.W=exp( (^ + ^)^°g^^+*)-(^-^)^°g(^-^) -l); ^.(t)=exp(l((l+i)log(l+i) + (l-t)log(l-t))). 



Note that 



cr(M) = lim (l)M{t). 
t->-i- 



We shall give now some applications of the above. 

First of all, for an arbitrary mean M = M{a,b) it is not difficult to show that Mg = Ms{a,b) := 
(M(a*, 6*))^/'* is also a mean for s ^ 0. Especially M_i(a, 6) = jg^^ is a mean. 

Moreover, it is proved in [9] that the condition [log M{x,y)]xy < is sufficient for Mg to be monotone 
increasing in s G R and, if M € f2 then Mq = limg^o = G. 

For the family of means {Ms] we can state the following cancellation assertion. 

Theorem 2.1 Let M G fl with [log M{x,y)]a;y < and < ct(M) < 2. 

For the ordered class of means 

Mg = Ms{a,b) := {M{a',b'))^/' e O, s 7^ 0; Mq = G, 

we have 



Proof For fixed s, s > 0, we have G = Mq < Ms. 
But, 

a{Ms) = (M(0+,2«))V« = 2i-i/^(o-(M))V^ < 2 = <t(5). 
Therefore, by Theorem 2.0 we conclude that S is the right cancelling mean for {Mg}. 

Also G = Mo > M_s. Since 

ab 



M_s{a,b) = {M{a-\b-'))-^/' = {M{{ab)-%',{ab)-'a'))-^/' = ab{M{h\a'))-^l' 



S{a,bY 



it easily follows that a»+^6»+^ = St,{Ms). 



Another consequence is the cancellation assertion for the family of Holder means Ar = A,. (a. 6) :~ 
{Aia\¥)y/- = i^y^\ Ao = G. Since [log A{x,y)U = < 0, we obtain (as is already 

stated) that A^ are monotone increasing with r. 

Theorem 2.2 For — 2 < r < 2 we have 

S^{Ar) = a-^b^ < A_2{a,b) < Ar{a,b) < ^2(0, 6) < a^6^ = S*{Ar), 
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where given constants are best possible. 
Proof We have 

Ar{a,b) ^ Ar{a,b)/A{a,b) ^ 4>aM 
S{a,b) S{a,b)/A{a,b) <ks{t) ' 

and 

it) ir{i + tY + {i-t) 



frit) := log ^ = i log(ii±^i:±lLJ):) _!((!+ t) log(l + t) + {l-t) log(l - t)), < i < 1. 



(t>s{t) r 

Denote 



g{t) := 2/2(t) = 2 log = log(l + t') -{1 + t) log(l + i) - (1 - log(l - t). 



Since 



and 



„ 2 _ 4*2 _ 1 _ 1 _ _ 

5 w - Yip^ - (i + t2)2 ~ t:^^ ~ T—j, - ~(i + t2)(i_f4) < 0' 

we clearly have g'{t) < g'{0) = and g{t) < g{0) = 0. 

Therefore, the inequality ^2(01, b) < S{a, b) holds for all a,b G M+. 

Also, since 

we conclude that r = 2 is best possible upper bound for < 5 to hold. 
Values for St,{Ar) and S*{Ar) follow from Theorem 2.1. 



3. Cancellation theorem for the class of Stolarsky means 



There is a plenty of papers (cf [2], [5], [7]) studying different properties of the so-called Stolarsky (or 
extended) two-parametric mean value, defined for positive values of x,y,x ^ y by the following 

, i/{s-r) 



Ir,s{x,y) := < 



exp 



1/s 



xy, 



s ^ 0,r = 
r = s = 0, 
y = X > 0. 



In this form it was introduced by K. Stolarsky in [5]. 



Most of the classical two variable means are special cases of the class {Ir,s}- For example, /i,2 = A , 
Io,o = -'^-i,! = G, 1-2,-1 = H , 7o,i = L, Ii^i = I, etc. 

Main properties of Stolarsky means are given in the following assertion. 
Proposition 3.1 Means Ir,s{x,y) are 

a. symmetric in both parameters, i.e. Ir,s{x,y) = Is,r{x,y); 

b. symmetric in both variables, i.e. Ir,s{x,y) = Ir,s{y,x); 

c. homogeneous of order one, that is Ir,s{tx,ty) = tlr,s{x,y), t > 0/ 

d. monotone increasing in either r or s; 

e. monotone increasing in either x or y; 

f. logarithmically convex for r,s G M- and logarithmically concave for r,s G M+ . 

Theorem 3.2 For —3 < r < s < 3 we have 

S*ilr,s) = a^b^ < I-3,-3{a,b) < 7r,s(a,6) < /3,3(a,6) < a^b^ = 5* (/..,,), 
where given constants are best possible. 

Proof We prove firstly that 13,3(0, 6) < S{a, b) and that s = 3 is the largest constant such that the 
inequality Is,s{a, b) < S{a, b) holds for all a, 6 € K+. For this aim we need a notion of Lehmer means Ir 
defined by 

lr = lria,b) := ^ ■ 
They are continuous and strictly increasing in r € K (cf [11]). 

Lemma 3.3 ([11]) L{a,b) > l-i{a,b) for all a,b > with a ^ b, and l-i{a,b) is the best possible 
lower Lehmer mean bound for the logarithmic mean L{a,b). 

We also need the following interesting identity which is new to our modest knowledge. 

Lemma 3.4 For all s € K/{0} we have 



°^ S{a,b) s\ L{a',b') 



Proof Indeed, by the definition of Is,s, we get 

Js,s («,?>) 1 a'* log a — 6* log 6 aloga + 61og6 
°^ S{a,b) ~s a'-b' ^Tb 

1 a^-i +6"-! loga- log6 I / {a'^-'^/'' + {b")^-^^" loga' -logh 



= \-ab 



a + b -¥ ~ s V (a«)-Vs + (6«)-Vs a« - 6* ) 



Now, putting s = 3 in the above identity and applying Lemma 3.3, the proof follows immediately. 
Therefore, by Property d. of Proposition 3.1, for r,s £ [—3, 3] we get 

Ir,s < -^3,3 < S. 

Also, since for fixed s,s > 3, 

a{Is,s) = 2e-i/« < 2 = a{S), 
it follows by Theorem 2.0 that the mean S is the right cancelling mean for {/s,s}. 

Similarly, 

Ir,s > 1-3,-3, 

and the left hand side of Theorem 3.2 follows from easy-checkable relations 

ab ab 
I-s-s{a,b) = a»+i'6»+'' = 



Is,s{a,b) S{a,b) 



4. Discussion and some open questions 



Obviously, the right cancelling mean S*{A) (respectively, the left cancelling mean S^,{A)) is not unique. 



For instance, T{a, b) = h{S*{A) + max(a, b)), T e O is also cancelling mean for the class A. 



Therefore, the mean S is not an exclusive right cancelling mean in the above assertions. Moreover, we 
can construct a whole class of means which may replace the mean S as the right cancelling mean. 

Theorem 4.1 For r > —1, each term of the family of means Kr, 

-.''+1 + 



Kr = Kr{a, b) := ( ) , Ko = S, 

can be taken as the right cancelling mean for the class {Mg}. 



Proof We shall prove first that Kr is monotone increasing m r G M. For this aim, consider the 
weighted arithmetic ,g{x,y) := px + qy, where p,q are arbitrary positive numbers such that 

p + q = 1. Since 

pq 



we conclude that 

is monotone increasing in r G 
Hence, the relation 

yields the proof. 



Ar{p,q;a,b) := {pa"- + qb'-y/^ , 



^r(— VT, — 7T;a,&) = Kr{a,b), 
a+b a+b 
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Now, since for fixed r > —1, 

Mo = G<A = K_i < Kr, 

and a{Kr) = 2, it follows that Kr is the right cancelling mean for the class {Mg} analogously to the 
proof of Theorem 2.1. 

Finally, we propose two open questions concerning the above matter. 

Ql Does there exists mhi{S*{As)) ? 

Denote by {K'^} the subset of {Kr} with r > -1 i.e. a{K'r) = 2. Then max(S',(X^)) = K^i = A. 
Q2 Does there exists a non-trivial right cancelling mean for the class {K'r} ? 
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